This paper is concerned with a degenerate p(x)-Laplacian equation with a nonsmooth potential. We establish a compact embedding 
Introduction
In this paper, we discuss the existence and multiplicity of solutions for the following degenerate p(x)-Laplacian equation with a nonsmooth potential (hemivariational inequality):
-div(ω(x)|∇u| p(x)- ∇u) ∈ λα  (x)∂j  (x, u) + μα  (x)∂j  (x, u) for a.a. x ∈ , u| ∂ = , (.)
where ⊂ R N is a bounded domain with a C  boundary ∂ , j  , j  : × R → R are jointly measurable potential functions, which are locally Lipschitz and in general nonsmooth in u ∈ R, and the following conditions are satisfied: (P) p(x) ∈ C(¯ ),  < p -= inf p(x) ≤ p + = sup p(x) < +∞;
(W) ω is a measurable positive and a.a. finite function in . ω ∈ L  loc ( ) and
, ∞) for all x ∈¯ . As is well known, the p(x)-Laplacian possesses more complicated nonlinearities than the p-Laplacian (a constant), for example, it is inhomogeneous and, in general, it does not have the first eigenvalue. In other words, the infimum equals  (see [] ). p(x)-Laplacian can be found in the areas, the thermistor problem [] , electro-rheological fluids [] , or the problem of image recovery [] . When ω is not bounded (or not separated from zero) ω(x) is called degenerate (or singular). A degenerate second order linear differential operator was basically due to Murthy and Stampacchia [] , and higher order linear degenerate elliptic operators were extended in the s, and quasilinear elliptic equations including p-Laplacian were developed in the s (see [] ). Degenerate phenomena appear in the area of oceanography, turbulent fluid flows, electrochemical problems and induction heating. These problems are interesting in applications and raise many difficult mathematical problems. The results can be found in [-] and the references therein.
If ω(x) =  and μ = , then problem (. Being influenced by the above results, we want to discuss problem (.). To the best of our knowledge, there exist few papers to study problem (.). Compared with the previous works, our framework presents new nontrivial difficulties. In particular, there is no com-
To deal with the difficulty, we borrow an idea from the compact embedding theorem
This paper is organized as follows. In Section , we present some necessary preliminary knowledge on the weighted variable exponent Sobolev space and nonsmooth critical point theory. In Section , in order to discuss problem (.), we firstly prove a compact embedding theorem for the weighted variable exponent Sobolev space, which plays an important role in this section. Then, based on this theorem, combining the nonsmooth fountain theorem, nonsmooth dual fountain theorem, Weierstrass theorem and nonsmooth pass mountain theorem, we obtain the existence and multiplicity results for problem (.).
Preliminaries
In this section we state some definitions and lemmas, which will be used throughout this paper. First of all, we give some definitions: (X, · ) will denote a (real) Banach space and (X * , · * ) its topological dual. While u n → u (respectively, u n u) in X means that the sequence {u n } converges strongly (respectively, weakly) in X. h -= inf x∈ h(x) and h + = inf x∈ h(x).
We define the weighted variable exponent Lebesgue-Sobolev spaces and list some properties of these spaces. Set
Denote by S( ) the set of all measurable real functions defined on . For any p ∈ C + (¯ ) and α(x) ∈ S( ), we define the variable weighted exponent Lebesgue space by
with the norm
or equivalently 
we have To obtain a crucial embedding result which will be used in the later section, let us denote
where s(x) is given in hypothesis (W) and
for all x ∈¯ . The following compact embedding theorem is very important in this paper.
Proposition . ([])
Assume that hypotheses (P) and (W) hold, q ∈ C + (¯ ) and  ≤ q(x) < p * s (x) for all x ∈¯ , then we have the continuous compact embedding
Furthermore, we also have the following Poincaré inequality type.
Proposition . ([]) If (P) and (W) hold, then the estimate
holds for all u ∈ C ∞  ( ) with a positive constant C independent of u.
( ). We say that u is a weak solution of problem (.) if u ∈ X and
continuous, bounded and strict monotone operator.
(ii) A is a mapping of type (S + ), i.e., if u n u in X and
Remark . The proof is similar to that in [] (see Theorem .). Here we omit its proof.
Seeking a weak solution of problem (.) is equivalent to finding a critical point of the energy function I : X → R for problem (.) defined by
Since I is Lipschitz continuous on bounded sets, hence it is locally Lipschitz (see [] , p.).
Definition . A function I: X → R is locally Lipschitz if for every u ∈ X there exist a neighborhood U of u and L >  such that for every ν, η ∈ U,
Definition . Let I : X → R be a locally Lipschitz functional, u, ν ∈ X: the generalized derivative of I in u along the direction ν,
It is easy to see that the function ν → I  (u; ν) is sublinear, continuous and so is the support function of a nonempty, convex and ω * -compact set ∂I(u) ⊂ X * defined by
Clearly, these definitions extend those of the Gâteaux directional derivative and gradient.
A point u ∈ X is a critical point of I if  ∈ ∂I(u). It is easy to see that if u ∈ X is a local minimum of I, then  ∈ ∂I(u). For more on locally Lipschitz functionals and their subdifferential calculus, we refer the reader to Clarke [] .
coincides with j (u), z X and (h + j) 
In the following, we introduce a nonsmooth version of the fountain theorem which was proved by Dai in [].
Definition . Assume that the compact group G acts diagonally on
where V is a finite dimensional space. The action of G is admissible if every continuous
We consider the following situation:
(A  ) The compact group G acts isometrically on the Banach space X = m∈N X m , the space X m is invariant and there exists a finite dimensional space V such that, for every m ∈ N, X m V and the action of G on V is admissible.
In this paper, we will use the following notations:
where 
We say that I satisfies the nonsmooth C-condition if any sequence {u n } ⊂ X, such that
has a strongly convergent subsequence.
(iii) We say that I satisfies the nonsmooth (PS) * c means that any sequence {u n j } ⊂ X, such that
has a strongly convergent subsequence converging to a critical point of I.
Remark . (i)
The nonsmooth C-condition is slightly weaker than the nonsmooth (PS) c , while it retains the most important implications of the nonsmooth (PS) c .
(ii) The (PS) * c means the (PS) c . Assume that {u j } ⊂ X such that
Then there exist sequences {v n j }, {n j } such that
From (PS) * c , the sequence {v n j } contains a convergent subsequence and hence {u j } includes also a convergent subsequence. 
Theorem . Under hypothesis
(A  ), let I : X → R be an invariant locally Lipschitz func- tional. If for every k ∈ N there exists ρ k > r k >  such that (A  ) a k = max u∈Y k , u =ρ k I(u) ≤ ; (A  ) b k = inf u∈Z k , u =r k I(u) → ∞, k → ∞; (A  ) I
Theorem . Under hypothesis (A  ), let I : X → R be an invariant locally Lipschitz functional. If, for every k
≥ k  , there exist ρ k > r k >  such that (A  ) a k = inf u∈Z k , u =ρ k I(u) ≥ , (A  ) b k = max u∈Y k , u =r k I(u) < , (A  ) d k = inf u∈Z k , u ≤ρ k I(u) → , k → ∞,
Existence and multiplicity of solutions
In this section, we let X = W ,p(x)  (ω, ). For u ∈ X, we define an equivalent norm u = |∇u| L p(x) (ω, ) due to Proposition .. In order to discuss problem (.), we need the following hypotheses:
and u ∈ R, where c  , c  are positive constants, r i , q i ∈ C(¯ ), r
(H  ) There exists a  >  such that j  (x, u) ≥ -a  for a.a. x ∈ and u ∈ R; (H  ) There exist θ > p + , M >  and |u| ≥ M for a.a. x ∈ such that  < θ j  ≤ uξ  , where
for a.a. x ∈ , ∀|u| ≤ δ  ;
In order to discuss the existence and multiplicity solutions for problem (.), we need the following lemma.
Lemma . If p(x)
∈ C + (¯ ), α(x) ∈ L r(x) ( ), α(x) >  for a.a. x ∈ , r ∈ C(¯ ) and r -> , q(x) ∈ C(¯ ) and  ≤ q(x) < r(x) - r(x) p * s (x) for a.a. x ∈¯ , (  .  ) then there exists a compact embedding W ,p(x) (ω, ) → L q(x) (α(x), ). Proof Set u(x) ∈ W ,p(x) (ω, ), h(x) = r(x) r(x)- and β(x) = h(x)q(x). From (.), it is easy to see β(x) < p * s (x). By virtue of Proposition ., we have W ,p(x) (ω, ) → L β(x) ( ). For u ∈ W ,p(x) (ω, ), we have |u(x)| q(x) ∈ L h(x) ( ) and from Proposition ., α(x) u(x) q(x) dx ≤ |α| r(x) u(x) q(x) h(x) < ∞.
This means that W
is compact. Thus, we complete the proof.
The following lemma is very important when we use the nonsmooth fountain and dual fountain theorems to prove infinite solutions for problem (.).
Proof It is clear that  < β k+ ≤ β k , so there exists β ≥  such that β k → β as k → ∞.
We will show β = . From the definition of β k , for every k ≥ , there exists
. Then there exists a subsequence of {u k }, for convenience we still denote it by u k , such that u k u in W ,p(x) (ω, ), and
Hence we obtain that β = .
Next, we will use the nonsmooth fountain theorem to prove the existence of infinitely many large energy solutions for problem (.).
Theorem . If hypotheses (P), (W), (H  )-(H  ), (H  )
and (H  ) are satisfied, for all μ >  and λ ∈ R, problem (.) has a sequence of solutions {±u k } such that I(±u k ) → ∞ as k → ∞.
Proof We choose an orthonormal basis (e j ) of X and set X j = Re j . On X we consider the antipodal action of Z  . We have known that I is locally Lipschitz on X. Considering (H  ), we can employ the nonsmooth version of fountain theorem to prove Theorem ..
Claim . I satisfies the nonsmooth (PS) c . Let {u n } n≥ ⊂ X be a sequence such that
for some c  > . We assume that {u n } n≥ is unbounded in X, then up to a subsequence u n → ∞ as n → ∞. From (.), for n large enough, we have
Adding (.) and (.), from Proposition ., (H  ), (H  ), Lemma . and Lebourg's mean value theorem, we have
we derive a contradiction. Therefore {u n } n≥ is bounded in X. Thus, by passing to a subsequence if necessary, we assume that
α(x) and q(x) are defined by Lemma .. So we have
Noting that q - > , from Lemma . and (.) we infer that
In a similar way, we have
Combining (.), (.) and (.), we have
From Lemma ., we know that A is a mapping of type (S + ). Hence we have
In what follows, let us verify conditions (A  ) and (A  ) of the nonsmooth fountain theorem (see Theorem .). From hypotheses (H  ) and (H  ), we can obtain
The proof of (.) can be found in [] (Theorem ). For ∀u ∈ Y k , by virtue of (H  ), Lemma ., Lebourg's mean value theorem and (.), we obtain 
where ν  , ν  , c  and c  are some positive constants. Choosing r k = (c  q
Hence, from the nonsmooth fountain theorem, we obtain that problem (.) has a sequence of solutions {±u k } such that I(±u k ) → ∞ as k → ∞. The proof of Theorem . is completed.
In the following, we will use the nonsmooth dual fountain theorem to prove the existence of infinitely small energy solutions for problem (.).
Theorem . If hypotheses (P), (W) (H  )-(H  ), (H  )-(H  ) and (H  ) hold, then for every
λ >  and μ ∈ R, problem (.) has a sequence of solutions {±v k } such that I(±v k ) <  and
Proof Let us verify all the conditions of the nonsmooth dual fountain theorem. From Theorem ., we know that I is locally Lipschitz and even functional. Choosing an orthonormal basis (e j ) of X and setting X j = Re j on X, we consider the antipodal action of Z  on X.
In order to verify (A  ), set  > R >  such that
c  is some positive constant. Hence, from (H  ) and (H  ), for u ∈ Z k , u ∈ (, min{δ  , δ  }), u ≤ R and k large enough, we derive
We set ρ k = ( On the other hand, from (.), for k ≥ k  , u ∈ Z k , u ≤ ρ k ,
Since β k →  and ρ k →  as k → ∞, we have
Relation (A  ) of Theorem . is verified. 
